The production of (bc)-quarkonium (B c meson and its excited states) or (cb)-quarkonium (B c meson and its excited states) via top quark t or top anti-quarkt decays, t → (bc) + c + W + or t → (cb) +c + W − , respectively is studied within the framework of NRQCD. In addition to the production of the two color-singlet S-wave states |(bc)( 1 S 0 ) 1 or |(cb)( 1 S 0 ) 1 and |(bc)( 3 S 1 ) 1 or |(cb)( 3 S 1 ) 1 , the production of the P -wave excited (bc) or (cb) states, i.e. the four color-singlet P -wave states |(bc)( 1 P 1 ) 1 or |(cb)( 1 P 1 ) 1 , and (bc)( 3 P J ) 1 or (cb)( 3 P J ) 1 (with J = (1, 2, 3)), is also studied. According to the velocity scaling rule of NRQCD, for the production of P -wave excited states the contributions from the two color-octet components |(bc)( 1 S 0 ) 8 or |(cb)( 1 S 0 ) 8 and |(bc)( 3 S 1 ) 8 or |(cb)( 3 S 1 ) 8 are also taken into account. We quantitatively discuss the possibility and the advantages in experimental studies of B c orB c meson and its excited states via the indirect production at LHC in high luminosity runs and at LHC possible upgraded versions such as SLHC, DLHC, TLHC etc. in future.
I. INTRODUCTION
Since B c meson was observed by CDF in 1998 [1] , the interests in studying of the meson B c are increasing and a new stage of the studies has been started. As pointed by the authors of Refs. [2, 3] , the product cross-section at Large Hadron Collider (LHC), CERN, is much greater than that at Tevatron, Fermilab, therefore, more precise experimental studies of B c meson are expected at the forthcoming of LHC. Indeed, some progress at LHC in the experimental study of B c physics can be achieved, especially at the beginning stage of LHC (LHC just runs at 'low' luminosity L = 10 32 ∼ 10 33 cm −2 s −1 ). However, when LHC runs at higher luminosity, such as the design luminosity L = 10 34 cm −2 s −1 later on, due to the requests coming from the main purposes of LHC (such as searching for Higgs particle and SUSY partners etc) and the restricts from the abilities to record the events for the detector (e.g. the detector cannot record too frequently events etc), the condition for triggering the events occurring in collisions has to be set such that too many B c events via the direct hadronic production according to the theoretical estimate of 'direct' B c -production [2, 3, 4, 5, 6 ] are cut off. As a result, the direct hadronic production of B c cannot be expected to make much progress in B c -meson study in the high luminosity stage of LHC runs. Baring the situation pointed out here and the possible upgrade for LHC (SLHC, DLHC and TLHC etc [7] ) in mind, the possibility to study B c meson experimentally via indirect production of B c meson, namely, via producing a huge amount of top antiquarkst and their decays, is worthwhile to think seriously about. It is because that at LHC no matter how high the luminosity, the produced top quark(s) shall never be cut off by the trigger condition set down for any experimental purposes, and the frequency of the t-quark production can be stood up for the detector always. Furthermore, the mechanisms for producing the doubly heavy mesons, such as η c , η b , B c , · · · and J/ψ, Υ, B
The calculations of the process are very complicated and lengthy by using the conventional trace techniques to calculate the amplitude square due to the two massive particles and bound state effects. To shorten the calculations and to make the results more compact, we adopt the method used in Ref. [10] to do the calculations. For convenience, we will call it as the 'new trace amplitude approach'. Under this approach, we first arrange the whole amplitude into several orthogonal sub-amplitudes M ss ′ according to the spins of the t-quark (s ′ ) and c-quark (s), and then do the trace of the Dirac γ matrix strings at the amplitude level, which result in explicit series over some independent Lorentz-structures, and finally, we obtain the square of the amplitude. During the calculating, some useful tricks have also been introduced to make the expressions more compact. respectively are put in the APPENDIX B. While the expressions for the contributions from the two color-octet components |(bc)( 1 S 0 ) 8 and |(bc)( 3 S 1 ) 8 can be obtained from those from the two color singlet S-wave components by changing the overall color-factor and the corresponding matrix elements. This approach is different from that of the spinor techniques or the so called 'helicity amplitude approach', which has been proposed in Ref. [11] and improved in Ref. [12] . Under the 'helicity amplitude approach', one can also derive compact results that can be further expressed by spinor-products at the amplitude level and then do the numerical calculations 1 . The above two methods are complement to each other and both can derive simple and compact expressions at the amplitude level. The 'helicity amplitude approach' is more suitable for the numerical calculations and is more quicker for calculations, since full components of the helicity amplitude can be evaluated at the amplitude level. While for the 'new trace amplitude approach', at the amplitude level only the coefficients of the basic Lorentz structures are numerical. However from the amplitude derived from the 'new trace amplitude approach', one can sequentially result in the squared amplitude, which is more easier to be compared with the results derived by the traditional trace techniques.
According to Refs. [13] , one may expect at LHC to produce ∼ 10 8 tt-pairs per year 1 Here, we refer to Ref. [5] for an example on the 'helicity amplitude approach', where full processes of the approach from the formulae deduction to the numerical calculation can be seen explicitly. More over some tricks to simplify the massive amplitudes can be found there.
under the luminosity L = 10 34 cm −2 s −1 . Considering the possible upgrade for LHC and the estimate by Refs. [13] , we will assume that one may obtain ∼ 10 8 − 10 10 tt-pairs per year to examine the possibility to observe the meson B c via decay of the produced tt-pairs precisely and to examine the advantages in the indirect way to observe the meson B c and its excited states.
The paper is organized as follows. In Sec.II, we show our calculation techniques for the process t(p 0 ) → (bc)(p 1 )+c(p 2 )+W + (p 3 ). Then we present numerical results and make some discussions on the properties of the (bc)-production through t-quark decays in Sec.III. The fourth section is reserved for a summary. All necessary expressions are put in the appendices finally.
II. CALCULATION TECHNIQUES
Under the NRQCD framework [9, 14] , the total decay width for the production of (bc)-quarkonium through the channel t(p 0 ) → (bc)(p 1 ) + c(p 2 ) + W + (p 3 ) takes the form:
where N col refers to the number of colors, n stands for the involved state of bc-quarkonium.
N col = 1 for singlets and N col = N 2 c − 1 for octets. With the help of the saturation approximation [9] , the involved decay matrix elements can be written as 2 ,
bc(
where the subscript 1 or 8 indicates that the operator is a color singlet or a color octet, 
is for the symmetric traceless component of a tensor:
1
whereR S (Λ) is the average radial wavefunction for 1S state averaged over a region of size 1/Λ centered at origin,R ′ P (Λ) is the average derivative of the radial wavefunction at origin of size 1/Λ. For convenience, we shall takeR S (Λ) andR ′ P (Λ) to be the phenomenological values R S (0) and R ′ P (0), which may be derived from the QCD potential models and relate to certain observable such as the width for electromagnetic annihilation etc.
Although we do not know the exact values of the two decay color-octet matrix elements, 8 , we know that they are one order in v 2 higher than the S-wave color-singlet matrix elements according to NRQCD scale rule.
More specifically, based on the velocity scale rule, we have:
where the second equation comes from the vacuum-saturation approximation. ∆ S (v) is of the order v 2 or so, and we take it to be within the region of 0.10 to 0.30, which is in consistent with the identification: ∆ S (v) ∼ α s (Mv) and has covered the possible variation due to the different ways to obtain the wave functions at the origin (S-wave) and the first derivative of the wave functions at the origin (P -wave) etc. respectively. Based on the phase-space integration simplification as shown in the Appendix A, the decay width of the process can be written in the form:
simplifications, the amplitudes then be squared, summed over the freedoms in final state and averaged over the ones in initial state. And the selection of the appropriate total angular momentum quantum number is done by performing the proper polarization sum. If defining
the sum over polarization for a spin triplet S-state or a spin singlet P-state is given by
where J z = s z or l z respectively. In the case of 3 P J states, as for the three multiplets ε J αβ (p 1 ) with J = 0, 1 and 2, the sum over the polarization is given by
All the terms for the squared hard scattering amplitudes |M | 2 for S-wave and P-wave states are put in Appendix B accordingly, where the detail of the calculation techniques are also attached for convenience. To effectuate the calculations and to make the results more compact, we adopt the method used in Ref. [10] . As stated in the Introduction, we call it the 'new trace amplitude approach' for convenience. Under the approach, we arrange the whole amplitude into several orthogonal sub-amplitudes M ss ′ according to the spins of the t-quark (s ′ ) and c-quark (s) first, and then do the trace of the Dirac γ matrix strings at the amplitude level by properly dealing with the massive spinors, which result in explicit series over some independent Lorentz-structures. The expressions for these coefficients of all the considered channels are put in Appendix B. With the help, one can do the square of the amplitude easily. As a cross-check of our results, we adopt the traditional trace techniques and also the FDC [15] package to derive the numerical results of the mentioned processes.
Indeed we find a well agreement among these methods.
As a comparison and for later usages, let us present the width for the two body decay
, which is dominant for the t-quark decay:
where
III. NUMERICAL RESULTS OF DIFFERENTIAL CROSS-SECTIONS
In numerical calculations, we take the parameters as follows:
GeV, m c = 1.5 GeV, m t = 176 GeV, m w = 80.22 GeV, α s (2m c ) = 0.26, (38) and g = 2 √ 2m w G F / √ 2. Then, the decay width of t → W + + b is
And the decay widths of t → (bc) + W + + c are:
where v 2 ≃ (0.1 ∼ 0.3). It may be more useful to show the ratio between the decay width of t → (bc) + W + + c and t → W + + b, since uncertanties from the electro-weak coupling can be cancelled out: 
The left is for dΓ/ds 1 and the right is for dΓ/ds 2 . The diamond line, the cross line, the dotted line, the solid line, the dashed line and the dash-dot line are for (bc)-quarkonium in Fock states: 
Let us show some more characteristics of the decay t → (bc) + W + + c. As mentioned in the Introduction, about 10 8 tt per year will be produced in the stage of high luminosity run at LHC and t-quark events always trigger the detector, then according to the present estimate it is possible to accumulate about 10 5 B c events a year viat-quark decay at LHC. Moreover, the indirect production of the (bc)-quarkonium may be traced back to t-quark decay and has the characteristics in θ 13 , θ 12 shown in Figs. (2, 3) etc, that may be used to identify the (bc)-quarkonium events. Thus there may be some advantages in (bc)-quarkonium studies via the indirect production in comparison with the direct production.
Especially when LHC is really upgraded to SLHC, DLHC and TLHC, so 10 9 ∼ 10 10 tt per year may be produced, one may expect much progress in (bc)-quarkonium studies is achieved then.
APPENDIX A: FORMULAE FOR THE PHASE SPACE INTEGRATION
In this section, we derive the phase space of
The decay width is proportional to the phase space:
where 
All these step functions leads to the integration ranges:
Furthermore, we can obtain the cos θ 13 distribution from Eq.(A2):
where the extra Jacoiban
and
The θ(X) function determines the boundary of s 1 :
with
It should be noted that the integration over cos θ 13 should be from 1 to −1. The distribution for θ 12 can be obtained in a similar way.
Now let us illustrate the method to calculate the amplitude squared. In general, the amplitude for the process in which two massive fermions with spin projection s and s ′ are involved can be written as
where p 2 and p 0 denote the momenta of the top quark and the charm quark with mass m t and m c , and A is an explicit string of Dirac γ matrices for the process, which can be read Let us introduce a massless spinor u − (k 0 ) with a light-like momentum k 0 and negative helicity first. Thus u − (k 0 ) is satisfied with the following projection relation:
where ω − = (1 − γ 5 )/2. By introducing another spacelike vector k 1 which satisfies the relations:
then the other, massless, independent and positive helicity spinor u + (k 0 ) may be constructed:
It is easy to check that u + (k 0 ) is satisfied with the projection
where ω + = (1 + γ 5 )/2. Using these massless spinors, one can construct the massive spinors for the fermion and antifermion as follows:
with the spin vector s µ :
Using the above identities, we can write down the amplitude M ±s±s ′ with four possible spin projections in the trace form for the γ-matrices:
with the normalization constant N = 1/ 4(k 0 · p 0 )(k 0 · p 2 ). Thus the squared unpolarized matrix elements can be written as
Next, we are to simplify the calculation. For such purpose, we recombine these M ±s±s ′ into M n (n = 1, · · · , 4) as follows:
and then we have
In order to write down A as explicitly and simply as possible, we set the vector k 0 :
where the coefficient α is determined by the requirement that k 0 be a light-like vector:
The value of k 1 is arbitrary, and we take its explicit form as k µ where κ is a suitable normalization constant and k 1 can be expressed as
Substituting k 1 into Eqs.(B19,B20), we obtain
The amplitudes for the process
can be expanded over some basic Lorentz structures:
where m is the number of basic Lorentz structure B j (n), whose value dependents on the (bc)-quarkonium state n: e.g. m = 3 for n = (bc)[
As for A 3 j (n) and A 4 j (n), they can be expressed by
The explicit expression for A To short the notation, we define some dimensionless parameters
2 , which satisfy the relation:
Bc . And the short notations for the denominators are
Furthermore, the following relations are useful to short the expressions:
1. Coefficients for spin-singlet S-wave state:
There are three basic Lorentz structures B j for the case of (bc)[
where the short notation 
And the values of the coefficients A 2 j and A
√ r 4 (B38)
Here for convenience an overall factor C s has been contracted out from these coefficients.
Then the square of the amplitude |M i | 2 can be conveniently obtained with the help of Eqs.(B26,B27,B28).
2. Amplitude for spin-triplet S-wave state:
There are eleven basic Lorentz structures B j for the case of (bc)[ 3 S 1 ], which are 
√ r 4 (1 + r 2 ) (B49)
√ r 4 (B51)
2 ))) (B58)
and A 
√ r 4 (B69)
√ r 4 (B70)
and for j = 9, 10, 11 and m = 7, 9, 10, 11, we have
Then the square of the amplitude |M i | 2 can be conveniently obtained with the help of
Eqs.(B26,B27,B28) and Eq.(33).
3. Amplitude for spin-singlet P-wave state:
The basic structures are similar to the case of 3 S 1 , only one needs to replace the polarization vector ǫ(s z ) related to the spin angular momentum of the spin-triplet S-state to the present ǫ(l z ) that is related to the radial angular momentum of the spin-singlet P-wave state. Secondly, we need to change coefficients there to the present case. The values of the coefficients A −r 1 (r 2 (x − (w − 2)r 4 + 2r 4 2 ) + r 4 (v + 2vr 4 + 2x(1 + r 4 )) +r 2 2 (u + x + r 4 (2 + 3r 4 )))) (B78) 
r 1 r 2 √ r 4 (d 2 (r 1 − r 2 )(1 + r 2 − r 4 )r 4 + 4d 5 r 1 r 2 (1 + r 2 )(u + r 4 + r 1 r 4 )) (B85)
√ r 4 r 1 r 2 (B86)
2 ) + r 4 (r 2 (2(−1 + u + v) + 2r 2 + r 3 2 ) + r 4 2 ) + r 1 (2ur 2 − (−2 + 2v + 2r 2 + r 3 2 )r 4 + (−2 + 3r 2 )r 4 2 )) + r 4 (−vr 4 (−(r 1 − r 2 )(r 1 − r 4 ) + r 4 ) + r 2 (u(2u + r 2 − r 2 2 ) + r 1 2 (1 + r 2 )r 4 + (−1 + 2u + r 2 )r 4 2 + ur 1 (−1 + r 2 + 2r 4 ) − r 1 r 4 (r 2 + r 2 2 − 2(−1 + r 4 )r 4 )))) (B89) 
4L 2 r 1 r 2 r 4 
(1 + r 2 )r 4 2 + r 1 (2(u + x) − r 2 r 4 + r 4 2 )) (B96)
And the values of the coefficients A 2 j and A 
2L 1 r 1 r 2 √ r 4 (2d 5 r 1 r 2 (2x + r 2 r 4 )(2ur 1 + (−1 + r 1 2 + r 3 2 )r 4 ) +
(2d 4 r 2 (−4xr 1 (r 1 − r 2 )r 4 + r 1 r 4 (−2vr 4 + r 2 (4u + 3r 1 2 + r 2 (2r 2 − 1) + r 1 (5r 2 − 1 − r 4 ) + r 4 ))) + r 4 (−x(8d 3 r 1 r 2 (r 1 + 2r 2 ) + 2d 2 r 4 ) −
Then the square of the amplitude |M i | 2 can be conveniently obtained with the help of Eqs.(B26,B27,B28) and Eq.(33).
4. Amplitude for spin-triplet P-wave state:
There are totally thirty independent basic Lorentz structures B j for the case of 
and for j = 20, 21, 22, 23:
The coefficients A 
√ r 4 (1 + 2u + r 1 r 2 + 2r 3 2 + r 4 ) (B131)
√ r 4 (2u + 2r 1 2 + (−1 + r 2 )r 2 + r 1 (−1 + 3r 2 )) (B136)
The remaining coefficients for the case of [
+(r 1 3 + r 1 2 (1 + 6r 2 ) + r 2 (3u + r 2 + 4r 2 2 ) + r 1 (u + r 2 (6 + 13r 2 )))r 4 2 + 2x(u(r 2 − r 1 ) + 4r 2 r 4 2 )) + d 2 (r 2 (−4u(u + x) − (u + 2x)(2r 1 − 1)r 4 − 2ur 4 2 + 2r 3 2 r 4 2 + (1 − 2r 1 )r 4 3 ) + r 4 (−r 3 2 r 4 2 + r 1 (1 + r 4 )(x + y) + u(u + x + y)))) (B180)
2 ))r 4 + r 2 r 4 (−2u(r 2 + r 1 (−1 + r 4 )) + r 4 (r 1 2 − 2r 1 3 + 2r 1 r 2 − 5r 1 2 r 2 − r 2 2 − r 1 r 2 2 + r 4 )))) (B181)
and 
The remaining coefficients for the case of [ 3 P 1 ] 1 state: −r 2 r 4 2 )) + r 4 (d 1 r 4 3 + d 2 (r 1 − r 2 )(x + y) + 2d 3 r 1 r 2 (xr 1 − r 2 (x + r 4 2 )))) (B257)
L 1 r 1 r 2 √ r 4 (−d 2 r 4 (−xr 1 + r 2 (x + r 4 2 )) + 2d 5 r 1 r 2 (−2x 2 + x(2r 1 − 2r 2 − r 4 )r 4 + r 4 (−ur 2 + vr 4 − r 2 r 4 2 ))) (B258)
√ r 4 L 1 r 1 r 2 (−r 1 + r 2 ) (B259) 
